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Abstract We argue that the non gauge invariant coupling between torsion and the Maxwell or Yang- 
Mills fields in Einstein- Cartan theory can not be ignored. Arguments based in the existence of normal frames 
in neighbourhoods, and an approximation to a 8-function, lead to gauge invariant observables. 

As is well known, it is usually claimed that the electromagnetic and the Yang-Mills fields do not couple 
to torsion in the Einstein-Cartan theory, due to the fact that the corresponding local gauge symmetries U(l) 
or SU{2) (or SU(3), etc.) are violated at the level of the Cartan equation of motion (Hehl et al, 1976). For 
^vq . the Maxwell field (for simplicity we shall restrict to the abelian case) the Cartan equation is 
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q , is the torsion tensor, T p = T^ t , I = and 
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is the canonical spin density tensor of the electromagnetic field, obtained from Noether theorem applied to 
the Einstein-Maxwell Lagrangian density 
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with the electromagnetic field strength given by 

(N i = 2((d^A a ~ ul a A b )e a v] + A b T b ^), (5) 

where e a = e a ^dx^ and uj b a = uj h dx^ are respectively the tetrad and spin connection 1-forms, and [. . .] 
denotes antisymmetrization in the \iv indices. The total Einstein-Maxwell action including the pure gravity 
term is 

1 S = S G + S E -m =1 f d 4 x e(R + C E -m), (6) 

b : l 

where e = ^—det(g^) and R — rj hc e a ^ e" is the Ricci scalar. (Greek indices are raised and lowered 
with the pseudo-Riemannian metric g pv , while latin indices are rased and lowered with the Minkowski 
metric r\ ab = diag(l, —1, — 1, —1).) Equation (1) is obtained from (6) by variation with respect to the spin 
connection. (For a detailed calculation see e.g. Socolovsky, 2012.) F^ in (5) is obtained from the "free" 
field 

Uu = d^A v - d v A^ (7) 

using the minimal coupling prescription 

d p A v -> d^A v - Y%A p (8) 

where 

t%, = <Xlc)%, + k %» (9) 

Tlc being the Levi-Civita connection of general relativity (GR) (Einstein, 1956), and K? v the contortion 
tensor given by 

K» = ( K ^u + (Ks)%, (10) 
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{Ka)% = T£ v , (10a) 

(K S )% = g ap (T^gx„ + T^gxJ. (106) 

By a gauge transformation 

A ll ^A' ll = A li + d ll A (11) 

the gauge variation of S£ p is 

5 g . tr .{S^) = 2F\d a] K. (12) 

Then, eqs. (1), (3), and (5) are not gauge invariant. 

It is important to remark here that even in the flat Minkowski spacetime of special relativity in the 
context of classical (or quantum) electrodynamics, S£ p is given by (3) with F pv replaced by / M „. That 
is, already in special relativistic field theory the spin density tensor of the electromagnetic field is not 
gauge invariant (Bogoliubov and Shirkov, 1980) and, in contradistinction with the energy-momentum density 
tensor, there is no recipe similar to the Rosenfeld-Bclinfante prescription (Landau and Lifshitz, 1975) for this 
case, to make the spin density gauge invariant. The reason of why even starting from a gauge and Lorentz 
invariant Lagrangian f^f^, the Noether theorem leads to a non gauge invariant spin density tensor, is that 
the global Lorentz and local gauge transformations of the gauge potential do not commute. (See Appendix 
I.) However, observable quantities like left and right circular polarized light (helicity in the quantum theory), 
turn out to be gauge invariant. 

The usual solution to the conflict between E-C torsion and gauge invariance, is to declare that torsion 
and the Maxwell (or Yang-Mills) field do not "see" each other i.e. they do not couple. But this argument is 
extremely weak -if not wrong- by several reasons: i) The minimal coupling prescription (8) is not merely a 
convention to couple matter to geometry, but it is the local version of the global definition of the covariant 
derivative in the context of fibre bundle theory (appendix II). ii) Locally, torsion appears additively in (9) 
through the contortion tensor, with the first term being the Levi-Civita connection; the coupling of T^c to 
the Maxwell field in GR is well tested experimentally, so that there is no reason to declare the vanishing of 
the coupling of K? with A\, moreover in the absence of any coupling constant to be switched-off. iii) In 
quantum field theory to lowest order in perturbation theory, torsion couples to photons through the 1-loop 
electron-positron pair (de Sabbata, 1997), with the coupling torsion-Dirac field explicitly gauge invariant. It 
is quite unnatural that the K — A coupling vanishes in the classical limit. 

It is well understood that the decomposition of fields in positive and negative frequency parts it is not 
possible in curved spacetime unless there exists a time- like Killing vector field (Carroll, 2004). However, 
according to Iliev (Iliev, 1996), locally, i.e. in the neighbourhood of any point, we can choose normal frames 
and assume that in these frames the special relativistic equations hold, in particular the local validity of the 
above mentioned decomposition. Approximating an integral over a finite volume V by a 5-function, leads 
us to a gauge invariant expression for the components of the polarization vector of the Maxwell field. The 
procedure is similar to the case of field theory in Minkowski spacetime, and we present it for completeness. 



The solution of the algebraic equation (1) is 



2 V p ° 2 

with S p = S v . For \i = and pa = jk one has 



T^ = ks^ + l(S^S p -S^ p S a )) (13) 



T% = 1 -{S% + l(S° k S 3 5p k )) = l -S% (14) 

and therefore the spatial components of the polarization vector of the Maxwell field in a volume element V 
are given by 

Si = e ijk J v d?x S% = ^- J d 3 x T% (15) 
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Si=lf v d 3 x S° 23 = ^-J^d 3 x T 2 ° 3 , S 2 = 2 J d 3 x S° 31 = ^-J^d 3 x T 3 °, 

Sz = zJ v d 3 x S° 12 = ^-J v d 3 x T® 2 . (16) 

One choses the gauge in which 

= 0, A° = 0. (17) 

The second condition leads to 

5° fc = A k Aj - AjA k (18) 

with A=-£pAj. Then 

Si = e ijk / d 3 x {A k A 3 - AjA k ) . (19) 
Jv 

In V we assume the validity of the decomposition in positive and negative frequencies 



A f(x) = — ^—3- / -4^= e^^-^Afik). (21) 



A k (x) = A+(x) + A-(x), k = 1, 2, 3, (20) 

3 ( ' (2tt)! 
Making the approximation 

/ d 3 x e^Sj'fi) (22) 
Jv 

a straightforward calculation leads to 

Si = Zieimn J d 3 k A+(k)A- (k) (23) 



i.e. 



with 



S = ^-f° = 2ij d 3 k A+{k) x A~(k), 
f = ((f )!, (f°) 2 , (f°) 3 )), (f °)i = e ijfe / d 3 x T° fc . 



(24) 



(25) 



The first of the gauge conditions (17) implies the transversality condition for the Fourier components of the 
Maxwell potential: 

k-A ± (k)=0. (26) 
Choosing an orthonormal tetrad in momentum space, 

e a (k) = e M (A)dfc", e/(fc) = (1, 0), e/(fc) = (0, gj), i = 1, 2, e„ 3 (fc) = (0, fc), ei x e 2 = fc, (e a , e b ) = rf\ 

(27) 

one has the decomposition 
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A±(fc)=^>±e/(fc) (28) 

a=0 

with 

3 

(A+(fc),A"(fc))= ^Al^)K^) = ^)o^^-^^)-^^) = -^)-^) (29) 

j-LM — 

with a^(k) = (af (ft), (^(ft)), since by the transversality condition (26), (^)^o W — a 3 W a 3 (&) = 



In terms of the components, 

Si = ei jk J d 3 k ej b (k)a+{k)e k c {k)a-{k) = 2i J d 3 k {(e b a+(k)) x (e c (k)a- (£))), 



i.e. 



S = 2i J d 3 k a+(k) x oT (jfe). (30) 
In particular, 

S 3 = 2ij d 3 k (a+(k)a^(k) - a+(k)a^(k)). (31) 
Making the Bogoliubov transformation: 



one obtains 



S 3 = 2 J d 3 k (/3+(fc)/3r(fc) - /3+(fc)/3 2 -(fc)), (32) 

which is the standard gauge invariant decomposition of the component of the polarization vector of the 
electromagnetic field along the direction of motion of the wave (+ and + hclicity states after quantization). 
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Appendix I: Non commutativity between global Lorentz transformations and local gauge transformations 
of the gauge potential 

Let A — A^dx^ be the gauge potential, X(x) the local gauge transformation, and the global Lorentz 
rotation. Then: 

a,{x) -*> a,(x) + d,\(x) A a;(a,(x) + d,\(x)) = (A^-y\ 

while 

A,(x) A A-A v (x) A A^A v (x) + d^X(x) = (A^-. 

Therefore 

{{A 9-tr T _ { A r -y- tr -)„ = (A^ft, - ^)A(x). 

For an infinitesimal Lorentz rotation = SY. + eY, and so 

/j, fj, fj, 

[r.,g.tr.](A fl ) = e»d„\. 
Appendix II: D = d + T as the local version ofVxs 

Let £ v : V - E M be a real vector bundle on M, T(E) and T(TM) the sections of E and of the 
tangent bundle TM of M, respectively, and C°°{M) the smooth real valued functions on M. A connection 
on £y is a function 

V : r(TM) x F(£) -> T{E), (A, s) V(A, s) = V x s 
with the following properties: 

i) Vx+x's = V x s + Vx-s 

ii) V/xs = /Vxs 

hi) Vx(s + s') = V x s + V x s' 
iv) Vx(fs)=X(f)s + fV x s 

where / € C°°(M). V^s is i/ie covariant derivative of s with respect to V in the direction X. This is a 
global definition, and in Physics it describes the interaction between the "matter" field s and the "gauge" 
field V. 

Let m and n be the real dimensions of V and M, respectively. Let U be an open subset of M, x M , 
/i = 1, • • • , n coordinates on U, and <7j,i = l,---,ma basis of local sections of E. Then, locally, 

m n m n m 

W x s = V^n x ^ 5V,) -EE XMV ^ ( sV *) = E E + ^Va^i) 

i= 1 ju.= 1 i—1 i—1 

n m m n m n m 

= E £(( Vto + s * £ r ii^) -EE + r Uy^ = E E ™^ 

/j.— 1 j— 1 /j.— 1 i,j= 1 

where 

are the Christoffel symbols of the connection -its local version- and 

DU = 4d» + TU (*) 
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is the local covariant derivative operator. Multiplying (*) by the 1-forms dx^ one obtains the n x n matrrix 
of 1-forms 

D{ = 5id + rj 

where d = dx^d^ is the De Rahm operator. The structure 

D = d + T 

or 

Ds = (d + T)s 

is called minimal coupling between T and s. 

Remark: The more usual definition of connection is as a distribution H of horizontal spaces {H p } p& p 
in the total space of a principal G-bundlc £ : G — > P — ^ M, to which £y is associated through a left action 
G x V —¥ V. At each p £ P, H p ®V p = T p P, where is tangent to the fiber P w (p), and tt* p {H p ) = T 7r ( p )M. 
Also, Vs*(-Hp) = Ppg where V is the right action of G on P, with Vs(p) = ^(p>fl)- There is an equivalence 
between T(E) and functions 7 : P — > V with 7(^5) = g~ 1 j(p)'- s i-> 7 S and 7 M- s 7 . Then, Vx« = s xt ( 7s ), 
where A^ is the horizontal lifting of A by P. 
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